Introduction. Lane
2 has derived the equations of asymptotic osculating quadrics of a curve C on a surface S, employing Wilczynski's notation and deducing some of their fundamental properties. We shall now investigate the characteristics of these quadrics along C. For the sake of convenience the normal tetrahedron of Cartan 3 is utilized throughout this note. In terms of the local coordinates with respect to this tetrahedron we have expressed simply the equations of asymptotic osculating quadrics and their characteristics and therefrom obtained new configurations projectively connected with a surface.
2. The normal tetrahedron of Cartan. Let us consider the directrices of Wilczynski at a generic point if of a non-ruled surface S; the first of them intersects the quadric of Lie at another point Mz and the second meets the asymptotic tangents at the points Mi and M 2 . The tetrahedron {MM\MiMz} is known as the normal tetrahedron of Cartan. If we denote, for simplicity, the corresponding projective coordinates of these points M, Mi, M 2 , Mz by the same notations, then they are solutions of the following system of differential equations:
Mz -log 0, dz> 2 dz> where the components of displacements of the tetrahedron /8, 7,-4, 5, JK", X* satisfy the integrability conditions d 
The asymptotic ruled surface R u generated by the asymptotic utangents of S along C is given by where we have placed
The osculating quadric Q w or R u along its generator MM\ is the asymptotic osculating quadric of one family, and a second asymptotic osculating quadric Q v of C at Af is obtained by using the other family of asymptotics of S. It is clear, therefore, that a generic point Z on Q u must be represented by
Substitution of (7) and (8) in (10) gives the local coordinates of the point Z, namely,
V 2 dp 2 dîi ;
Thus we obtain /Ae equation of the first asymptotic osculating quadric Q u of C at M:
The equation of 'the second asymptotic osculating quadric Q v of C at M is u'*(yiyi -y 2 yz) -yu'y^y^ + yu n y%y±
4. Characteristics. The asymptotic osculating quadrics Q u {orQ v ) dit M and its consecutive point M' on the curve C intersect each other at the asymptotic tangent u (or v) and two other lines, which are called the characteristic of Q u (or Q v ) along C. In order to derive the equations of the characteristics of Q u we have to set the derivative along C of the left-hand member of (12) equal to zero, remembering that the derivatives of ys should be determined by (4). A simple calculation, which we shall omit here, suffices to demonstrate that the equations of the characteristic in consideration are (12) From (14) it follows that the characteristic of Q u along C consists of two straight lines intersecting the asymptotic w-tangent and the latter counted twice.
In a similar way we obtain another pair of lines intersecting the asymptotic tangent MMi as the second quadric moves along C. These four lines furnish obviously a generalization of the well known quadrilateral of Demoulin.
By means of (14) we can deduce some remarkable results.
(I) If the asymptotic tangent MM% is a part of the characteristic of the asymptotic osculating quadric Q u of C at M, then C must be tangent to a Darboux curve at M, and conversely.
The necessary and sufficient condition for this is C33 = 0, namely, (18) $u f * + 7 = 0, which represents the Darboux directions of the surface at M.
(II) In order that the characteristic of the first and second asymptotic osculating quadrics along every Darboux curve of a surface S should decompose into two asymptotic tangents, each being counted twice, the necessary and sufficient condition is that S be a surface of coincidence.
In fact, we have C 3 3 = 0, C 3 4 = 0, so that (14) becomes ^4 = 0. In consequence, the characteristic is given by the equations 2 y* = 0, y 2 y s = 0.
For a Darboux curve we have (19) j8«'« + 7 = 0, «" ---u'*~-log (y/fi) --«' -log (y/fi). 3 du 3 dv Substituting these in the condition C34 = 0, namely, (20) 3u" + Pu' z + u n -log (0 2 7) + Ivl -log 0 + 7 = 0, du dv and taking account of the fact that this equation must hold for the three Darboux curves, we arrive at -log fi = 0, -log 7 = 0, dv dv that is, both j8 and y are functions of u alone.
Since the same condition also holds for the second asymptotic osculating quadrics, we have that /? and y must be functions of v alone, and therefore that they are constants. Hence the surface in question is a surface of coincidence. We may put j3=7 = l, which gives
The equation to the surface may easily be found by integrating the system (1).
Associate directrices.
We come now to demonstrate that a certain pair of covariant lines can be constructed by means of the asymptotic osculating quadrics. Consider, for instance, the first quadric Qu given by (12). As was shown before, there exists an element of the second order, E2, corresponding to each Darboux tangent, such that the characteristic of Q u at the point M decomposes into the two asymptotic tangents M Mi and M M2, each being counted twice. We have therefore a plane containing this E% In order to find the equation of this plane we merely have to substitute the value of u" given by (20) in the equation of the osculating plane of C at M:
where x, y, z denote the nonhomogeneneous coordinates of a point with respect to the tetrahedron of Fubini at M. The result of carrying out the computation is
au dv
The three planes (22) corresponding to the Darboux tangents at M form a trihedron, and the polar of the tangent plane of the surface at M with respect to this is (25) x + f*/2 = 0, y + 4>z/6 = 0.
If the second quadric Q v is used instead of Q u , a second covariant line is found to be (26) x + ipz/6 = 0, y + <t>z/2 = 0.
These lines are analogous to the directrices of Sullivan 7 and will be called the associate directrices of the surface at M. The first of them, given by (25), is the intersection of the plane containing the asymptotic u-tangent and the first directrix of Wilczynski and the plane containing the asymptotic w-tangent and the first principal ray c( -1/6) of Fubini. A similar construction is obtained for the second associate directrix. It shall be noted that the asymptotic w-tangent, the first directrix of Sullivan, the first associate directrix and the first directrix of Wilczynski are coplanar and the double ratio of them in this order is equal to -3.
There are two planes through each Darboux tangent at M, one being (22) and the other for Q v : (27) x -u'y + (1/2){^ -<l>u'/3 + 2fiu' 2 }z = 0.
The harmonic conjugate of the tangent plane of the surface with respect to them osculates the corresponding Darboux curve at M, as we can easily show from the equations (19) and (21). 6. Associate cones. As was shown by Lane, 8 the directrices of Sullivan are related to a certain pair of cones of the third class enveloped by the osculating planes at M of the extremals of certain integrals. We shall here prove that analogous cones also exist in the case of associate directrices.
Let us consider again the characteristic of the first quadric Q u along a curve C on the surface S. For a given non-Darboux direction equation (14) shows that we can always adjust an element of the second order, E 2 , to the curve C of the given direction at M, such that the planes through the asymptotic w-tangent and the characteristic lines are harmonic conjugate to the tangent plane and the plane through the first directrix of Wilczynski. The plane containing this £2 cor-responding to every non-Darboux direction at M envelopes a cone of the third class (28) yui + 20U2 + 3(\pux/2 + $1*2/6 -u%)u\Ui = 0, where u\ t u% u% denote the coordinates of a plane through M. The three cuspidal planes of this cone evidently pass through the first associate directrix.
In a similar way a second cone of the third class (29) 2yul + Qui + 3(\pui/6 + <t>u 2 /2 -u z )uiU2 = 0 is obtained.
In virtue of these cones we can further construct a third cone of the third class and a new canonical ray at the point M of the surface.
For this purpose, we draw the tangent planes of the cones (28) and (29) It is easily seen that the three planes corresponding to the three Segre tangents at M are concurrent in the canonical ray c(l/6):
(31) x -tz/6 = 0, y -<t>z/6 = 0.
This line and the first principal ray of Fubini harmonically separate the canonical tangent and the projective normal of the surface at M. The plane (30) also envelopes a cone of the third class (32) yui + 0U2 -2(\//Ui/6 + <£w 2 /6 + uz)uiU2 = 0 and the three cuspidal planes are concurrent in the ray c(l/6).
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